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Figure 1: Elementary of mathematics (copyright to wikipedia).



Elementary of mathematics

Language is the source of misunderstandings.

(Antoine de Saint-Exupery)
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Introduction



Introduction

e Whats Wrong with Probability Notation? *
e Whats Wrong?
1. overloading p(-) for every probability function.
2. using bound variables named after random variables.

e Probability Notation is Bad
p(xly) = p(y1x)p(x)/p(y)
e Random variables don't help.
Pxjv(xly) = Pyix(y[x)px(x)/pv(y)
e Great expectations

E[x] = pr(x)
E[X] = ZXP)((X)

X

Thttps://lingpipe-blog.com/2009/10/13 /whats-wrong-with-probability-notation/



Introduction

e Today, | will introduce
1. probability theory of Kolmogorov

e set theory
e measure theory.

2. basic functional analysis
e Caution

e Try to get familiar with the terminologies.
e Some facts could be counterintuitive.
e No proof will be provided here.



Introduction

Figure 2: Andrey Kolmogorov



Introduction

e Import questions to have in mind throughout this lecture:
What is probability?

What is a random variable?

What is a random process?

i A S

What is a kernel function?



Don’t panic.



Most of the contents are from
Prof. Taejeong Kim’s slides.



Set theory



set, element, subset, universal set, set operations

disjoint sets: ANB =)

partition of A
example: A= {1,2,3,4}, partition of A: {{1,2}, {3}, {4}}
Cartesian product: Ax B={(a,b):a€ A be B}
e example: A={1,2}, B ={3,4,5}
o Ax B=1{(1,3),(1,4),(1,5),(23),(24),(2,5)}
e power set 2*: the set of all the subsets of A.
e example: A= {1,2,3}
o 2% ={0,{1},{2}, {3}, {1,2}.{2,3}, {1,3},{1,2,3}}



Set theory

e cardinality |A|: finite, infinite, countable, uncountable, denumerable
(countably infinite)

e |[Al=m,|Bl=n=|AxB|=mn

e [Al=n= 24 =2"

e |f there exists a one-to-one correspondence between two sets, they
have the same cardinality.

e countable: There is a one-to-one between the set and a set of
natural numbers. (example: set of all integers, set of all rational

numbers)



e Are the set of all integers and the set of all rational numbers
countable?

e Yes. by the following mappings.

3 —3 —3/1 —3/2 —3/3 —3/4 —3/5

n oz m/n 1 2 3 4 5
10 1011 12 13 14 15
2| 1 1 -1/1 —1/2 —1/3 ~1/4 —1/5
3-1 2 21 22 23 24 25
4] 2 2 —2/1 —2/2 —2/3 —2/4 —2/5
5 -2 331 3/2 3/3 3/4 35
6

7

e In fact, they are the same.
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e denumerable: countably infinite
All denumerable sets are of the same cardinality, which is denoted
by No, aleph null or aleph naught.

e uncountable: not countable?
The smallest known uncountable set is (0,1) or R, the set of all
real numbers, whose cardinality is denoted by ¢, continuum.
c=2%

2Found by Georg Cantor in 1874.
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e Show that the cardinality of C = [0, 1] is uncountable (Cantor’s
diagonal argument).
e Proof sketch)

1.
2.

Suppose that C is countable.

Then, there exists a sequence S = {xi, x2, ...} such that all elements
in C are covered.

We can represent each x; using a binary system.

X1 = 0.d11d12d13...
X2 = 0.d21d22d23...
X3 = 0.d31d32d33...

where dj € {0,1}.

4. Define xpew = 0.didhds . .. such that di = 1 — dj;.

Clearly, xnew does not appear in S, which is a contraction. So C
must be uncountable.

12



e Then what is the number of real numbers between 0 and 17
e Proof sketch)

1. We can represent a real number between 0 and 1 using a binary
system.

n = 0.d11d12d13...

P = 0.d21d22d23...

B = 0.d31d32d33...
where dj € {0,1}.

2. To fully distinguish a real number r;, we need Ny bits where Vg is the
number of all integers.

3. Consequently, ¢ = 2™ (uncountable).
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e function or mapping f : U — V

domain U, codomain V
image f(A) ={f(x) e V:xc A}, ACU
range f(U)

e inverse image or preimage
fY(B)y={xeU:f(x)eB},BCV

14
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e one-to-one or injective: f(a) = f(b) = a=0>b
e onto or surjective: f(U) =V

e invertible: one-to-one and onto
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Set theory

b Vi ® ¥
b L=k
5 -2
o [
D ol
f:R->7 f:Z->»7 fi =N f:R->R fi1R->R
onto one-to-one one-to-onejonto neither
aurjection injection

not a function
bijection
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Measure theory



Given a universal set U, a measure assigns a nonnegative real number to
each subset of U.
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Measure theory

e set function: a function assigning a number of a set (example:
cardinality, length, area).
e o-field B: a collection of subsets of U such that (axioms)

1. O € B (empty set is included.)
2. B € B = B € B (closed under set complement.)
3. Bi € B= U, B; € B (closed under countable union.)
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Measure theory

e properties of o-field 5

1.

ok e

U € B (entire set is included.)

Bi € B = NX,B; € B (closed under countable intersection)

2V is a o-field.

B is either finite or uncountable, never denumerable.

B and C are o-fields = BN C is a o-field but BUC is not.
o B= {0)7 {a}v {b7 C}v {av b, C}}

C= {@, {av b}7 {C}v {37 b, C}}

e BNC={0,{a,b,c}}
(this is a o-field)

e BUC ={0,{a},{c},{a,b},{b,c},{a, b,c}}

(this is not a o-field as {a, c} = {a} N {c} is not included.)

e o(C) is called the o-field generated by C.

20



A o-field is designed to define a measure.



If the element is not inside a o-field, it cannot
be measured.



Measure theory

e A set U and a o-field of subsets of U form a measurable space
(U, B).
e A measure  defined on a measurable space (U, B) is a set function
w: B — [0, 00] such that
1. p(@®) =0
2. For disjoint B; and B; = pu(U°,Bi) = > oo, 1u(Bj)
(countable additivity)
e Probability is a measure such that u(U) =1, i.e., normalized
measure.
e A measurable space (U, B) and a measure y defined on it together
form a measure space (U, B, i).
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Probability



Probability

.9 B0
uw
DB - DR
I A 1 e
A S B &
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What is probability?



Probability

e Toss a fair dice and observe the outcomes.

o P({1}) = P({2}) = P({3}) = P({4}) = P({5}) = P({6}) = 1/6
o P(A) = P(2,4,6) = P({2}) + P({4}) + P({6}) =1/2
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Probability

e The random experiment should be well defined.

The outcomes are all the possible results of the random experiment
each of which canot be further divided.

The sample point w: a point representing an outcome.

The sample space : the set of all the sample points.

24



Probability

e Definition (probability)
e P defined on a measurable space (£,.4) is a set function
P : A — [0,1] such that (probability axioms).

1.
2.
3.

P@)=0

P(A)>0VYACQ

For disjoint sets A; and A; = P(UX_ A)) = f'(:1 P(A;) (countable
additivity)

P(Q)=1

25



Probability

How do we assign probability to each event in A in such a way as to
satisfy the axioms?
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Probability

e probability allocation function

e For discrete 2
p:Q—[0,1] such that 3 o p(w)=1and P(A) = >, .p(w).
e For continuous Q:
f:Q — [0,00) such that [ o f(w)dw =1 and
P(A) = fWeA f(w)dw.
e Recall that probability P is a set function P : A — [0, 1] where A is
a o-field.
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Probability

Examples of probability allocation functions:
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Conditional probability

e conditional probability of A given B:

P(AN B)

P(AIB) £ Z s

e Again, recall that probability P is a set function, i.e., P : A — [0,1].

A
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Conditional probability

e From the definition of conditional probability, we can derive:

P(AB) & P(;‘(g)B).

e chain rule:
e P(ANB) = P(A|B)P(B)
e P(ANBNC)=PAIBNC)P(BN C) = P(AIBN C)P(B|C)P(C)

e total probability law:

P(A) = P(AN B) + P(AN BS)
= P(A|B)P(B) + P(A|B)P(B®)
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Bayes’ rule

e Bayes’ rule

B P(BﬂA) B P(AﬂB) N P(A\B)P(B)
PEIA="p = pa) — PA)

e When B is the event that is considered and A is an observation,

e P(B|A) is called posterior probability.
e P(B) is called prior probability.
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Independence

e independent events A and B: P(AN B) = P(A)P(B)

e independent # disjoint, mutually exclusive

32



Independence

Example:

(N N L
@ @ @

pair-wise indep 3-wise indep (mutually) indep
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Random variable




Random variable

e random variable:
A random variable is a real-valued function defined on Q that is
measurable w.r.t. the probability space (Q2,.4, P) and the Borel
measurable space (R, B), i.e.,

X : Q — R such that VB € B, X }(B) € A.

e What is random here?
e What is the result of carrying out the random experiment?

34



Random variable

Random variables are real numbers of our interest that are
associated with the outcomes of a random experiment.

X(w) for a specific w € Q is called a realization.
e The set of all realizations of X is called the alphabet of X.
We are interested in P(X € B) for B € B:

P(X € B) 2 P(X"Y(B)) = P({w : X(w) € B})

35



Random variable

o discrete random variable: There is a discrete set
{xi :i=1,2,---} such that >  P(X = x;) = 1.
e probability mass function: px(x) £ P(X = x) that satisfies
L 0<px(x)<1
2.5, px(x) = 1
3. P(X € B) = ¥, cppx(x)

36



Random variable

e example: three fair-coin tosses

e X = number of heads
e probability mass function (pmf)

1/8, x=0
3/8, x=1
px(x) =14¢3/8, x=2
1/8, x=3
0, else

37



Random variable

17p7 k=0
e Bernoulli px(k) =< p, k=1
0, else
) 1/(m—1+41), k=114+1,1+2--,m
e uniform px(k) =
07 else
(1-p)p*, k=0,1,2,-

e geometric px(k) =
07 else

38



Random variable

e continuous random variable

There is an integrable function fx(x) such that
P(X € B) = [ fx(x)dx
e probability density function

fx(x) £ limay_0 W that satisfies
1. fx(x ) > 1 is possible.
2. [ fx(x)dx =1

3. P(X € B) s Pe(x)dx

39



Random variable

1/(b— <x<b
e uniform fx(k) = /( a), a<x<
0, else
XeM, x>0

07 else

exponential fx(k) = {

Laplace fx(k) = %e)\|x|

e Gaussian fx(k) = 21M exp(f%(X;”)z)
e Cauchy fx(k) = W

40



Expectation

EX & Yo xpx(x),  discreteX
[ xfx(x)dx, continuousX

41



Conditional expectation

e Conditional expectation E(X|Y)

e Expectation E(X) of random variable X is EX = [ xfx(x)dx and is a
deterministic variable.

e E(X]|Y) is a function of Y and hence a random variable.

e For each y, E(X|Y) is X average over the event where Y = y.

42



Conditional expectation

e Conditional expectation E(X|Y)

Y1
Y2 X
‘ E(X|A3) n
E(X|A9)
Y3
E(X|A)
E(X]Ay):
A ‘ Ay ‘ Az | A

Assume that the probability is uniformly allocated over 2.
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Conditional expectation

e Definition (conditional expectation)

e Given a random variable Y with E|Y| < co defined on a probability
space (2, A, P) and some sub-o-field G C A we will define the
conditional expectation as the almost surely unique random
variable E(Y|G) which satisfies the following two conditions

1. (Y|G) is G-measurable.
2. E(YZ) =E(E(Y|GZ) for all Z which are bounded and G-measurable.
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Conditional expectation

e Conditional expectation E(X]|Y) with different o-fields.

Assume that the probability is uniformly allocated over €.
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e n-th moment EX"

e mean my = EX

e variance 0% = var(X) = E(X — mx)?
e skewness E(X;i;’”f

X

o 4
e kurtosis EX=mx)
Ix
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e correlation EXY

e covariance cov(X,Y) = E(X — mx)(Y — my)

cov(X,Y)

e correlation coefficient pxy = o

e uncorrelated EXY = EXEY

e independent = uncorrelated
e uncorrelated #- independent

e orthogonal EXY =0

47



Random process




Random process

e We would like to extend random vectors to infinite dimensions. That
is, we would like to mathematically describe an infinite number of
random variables simultaneously, e.g., infinite trials of tossing a die.
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Random process

e random process X:(w),t € [
1. random sequence, random function, or random signal:
X; : Q — the set of all sequences or functions
2. indexed family of infinite number of random variables:
X: : | — set of all random variables defined on Q
3. X :Qx 1 —=R
4. If tis fixed, then a random process becomes a random variable.

Xip(1) Xiy(2) X,o(3)

49



Random process

e A random process X; is completely characterized if the following is
known.

e P((Xey, -+ ,Xy) € B) forany B, k, and t1,- -, tx

e Note that given a random process, only 'finite-dimensional’
probabilities or probability functions can be specified.

50



Random process

For a fixed t € T, X¢(w) is a random variable.

For a fixed w € Q, X;(w) is a deterministic function of ¢, which is
called a sample path.

types of random processes
1. discrete-time
2. continuous-time
3. discrete-valued
4. continuous-valued

Example: Brownian motion

51



Random process

¢ Moment

e mean function

mx () £ EX, — > xpx.(x), discrete-valued
J xfx.(x)dx, continuous-valued

e auto-correlation function, acf
Rx(t,s) & EX;Xs
e auto-covariance function, acvf
Cx(t,5) 2 E(Xe — mx(£))(X — mx(s))
e cross-covariance function, acvf

ny(t', S) £ E(Xt — mX(t))(Ys — my(S))

52



Random process

e Stationarity

e (strict-sense) stationary, sss

P((Xfl‘H'v"' 7ka+‘F) € B) = 'D((Xflv"' 7ka) € B)

e If X; is strict-sense stationary,

° mx(t+7') = mx(t)

° Rx(t—l—T,S—FT) = Rx(t,S)

° Cx(t+T7S+T)= Cx(i}S)
e If X; is wide-sense stationary,

o mx(t+7)=mx(t)

e Rx(t+ 7,5+ 7) = Rx(t,s)

53



Random process

e If X; is wide-sense stationary,

° mx(t) = mx
e Rx(t,s) = Rx(t—s) = Rx(7)
o Cx(t,s) = Cx(t —s) = Cx(r)

e In (general) Gaussian processes, wss is assumed.

e Rx(t,s) corresponds to a kernel function, i.e., k(t,s).
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Functional analysis




Functional analysis

Im;—a% |

Figure 3: Mathematical spaces (copyright to Kyungmin Noh).
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Functional analysis

e Vector space: space with algebraic structures (addition, scalar
multiplication, ...)

e Metric space: space with a metric (distance)
e Normed space: space with a norm (size)
e Inner-product space: space with an inner-product (similarity)

e Hilbert space: complete space

56



Functional analysis

e We will show a bunch to terminologies and theorems.

Inner product

Hilbert space

Kernel

Positive definite

Eigenfunction and eigenvalue

Mercer's theorem

Bochner's theorem

Reproducing kernel Hilbert space (RKHS)
Moore-Aronszajn theorem

© 0Nk wDD

._.
e

Representer theorem
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Functional analysis

e Definition (inner product)

e Let H be a vector space over R. A function (") : H X H — R is
an inner product on H if

1. Linear: (aufi + aofr, g)n

2. Symmetric (f,g)3 = (g, h)n
3. (f,f)y > 0and (f,f)3y =0 if and only if f = 0.

e Note that norm can be naturally defined from the inner product:

Ifll2 £ V/A{F, F)a

58



Don’t panic.



Functional analysis

e Definition (Hilbert space)
e Inner product space containing Cauchy sequence limits.
= Complete space
= Always possible to fill all the holes.
= R is complete, Q is not complete.
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Functional analysis

e Definition (Kernel)

e Let X be a non-empty set. A function k: X x X — R is a kernel if
there exists a Hilbert space H and a map ¢ : X — H such that
Vx,x € X,

K(x,X') 2 (6(x), S )

e Note that there is almost no condition on X.
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Functional analysis

e Sum of kernels or product of kernels are also a kernel.

Kernels can be defined in terms of sequences in ¢ € b, i.e.,
Sty #7(x) < oo,
e Theorem

e Given a sequence of functions {¢;(x)}i>1 in b, where ¢; : X — R is
the i-th coordinate of ¢(x). Then

k(x,x') £ Z 6i(x)$i(x).

e This is often used as an intuitive interpretation of a kernel function.
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Functional analysis

e Let Ty be an operator defined as
(TeF)() = [ kx X))
x

where p(+) denotes a measure (du(x") — dx’).

e T, can be viewed as a mapping between spaces of functions:
Tk« La(X,p) — La(X, ).

e Once a kernel k(-,-) is defined, the mapping Ty is defined
accordingly.
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Functional analysis

e Definition (positive definite)

e A kernel is said to be positive definite if

/k(x,x')f(x)f(x’)d,u(x)du(x') >0

for all f € Lao(x, ).
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Functional analysis

e Definition (Eigenfunction and eigenvalue)

e Given a kernel function k(-,-) and

[ K x)600du(x) = 260,

Then, ¢(x) and X are eigenfunction and eigenvalue of a kernel k(-,-).
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Functional analysis

e Theorem (Mercer)
e Let (X, ) be a finite measurable space and k € Loo(X?, 1i%) be a

kernel such that Ty : Lo(X, u) — Lo( X, p) is positive definite.
o Let ¢ € Lr(X, p) be the normalized eigenfunctions of T associated

with the eigenvalues A; > 0. Then:
1. The eigenvalues {);}°;| are absolutely summable.
2.

k(x,x") =" Xigi(x)ei(x')
holds 12 almost everywhere, where the series converges absolutely
and uniformly u? almost everywhere.
e Absolutely summable is more important than it seems.

e SB: Mercer's theorem can be interpreted as an infinite dimensional
SVD.
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Functional analysis

e Theorem (Kernels are positive definite)
e Let H be a Hilbert space, X be a non-empty set, and ¢ : X' — H.
Then (¢(x), #(x"))# is positive definite.
e Reverse also holds:
Positive definite k(x, x’) is an inner-product in H between ¢(x) and

P(x').
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Functional analysis

e Theorem (Bochner)

e Let f be a bounded continuous function on RY. Then f is positive
semidefinite iff. it is the (inverse) Fourier transform of a nonnegative
and finite Borel measure mu, i.e.,

f(x) = /]Rd eiWTX/L(dW).

e What does this mean?
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Functional analysis

e Corollary (Bochner)

e If we have an isotropic kernel function function, i.e.,
k(x,x") = ki(t = |x — X|),

showing the non-negativeness of a Fourier series of k(t) is
equivalent to showing the positive definiteness of k(x, x").
e Example:
k(x,x") = cos (§|x - x’|> )
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Functional analysis

e Definition (reproducing kernel Hilbert space)
e Let H be a Hilbert space of R-valued functions on X. A function
k: X x X — R is a reproducing kernel on H, and H is a
reproducing kernel Hilbert space if
1. Vxe X
k(-,x) € H
2. Vxe X,VfeH
(f(+), k(-, x))3¢ = f(x) (reproducing property)
3. Vx,x' e X
k(X>X/) = (k(-,x), k('vxl»'H

e What does this indicates?
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Functional analysis

e Suppose we have a RKHS #, f(-) € H, and k(-,x) € H.
e Then the reproducing property indicates that evaluation of 7(-) at x,
i.e., f(x) is the inner-product of k(-,x) and f(-) itself, i.e.,

f(X) = <f7 k('7X)>’H'
e Recall Mercer's theorem k(x,x") = Y72, N\igi(x)¢i(x). Then,

f,ZA;¢i(')¢i(X)>
i=1

Ai (f,9i(-)) 5 Di(x)

f(x)

H

o

Il
A

i (x)

o

Il
-

where \; = \; (F, i(+))
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Functional analysis

e Theorem (Moore-Aronszajn)

e Let X be a non-empty set. Then, for every positive-definite function
k(-,-) on X x X, there exists a unique RKHS and vice versa.

e This indicates:
reproducing kernels < positive definite function < RKHS
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Functional analysis

e Definition (another view of RKHS)
e Consider the space of function H defined as

H={f(x)= Za;k(x,x;) :neN,xi € X,a; € R}
i=1

o Let g(x) = ZJ";I ajk(x,x;]), then we define the inner-product

e \We can easily demonstrate the reproducing property:

<k('7X)7 f()>7'l = <k(~,X), Zaik('vxf)>7‘l

= ZO(,‘/((X,X/)
= f(x).
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Functional analysis

e Theorem (Representer)

e Let X be a nonempty set and k(-,-) be a positive definite kernel with
corresponding RKHS . Given training samples
D= (x1,y1)s---, (Xn, ¥n) € X X R, a strictly monotonically increasing
real-valued function g : [0,00) — R, and an arbitrary empirical risk
function E : (X x R?)" — RU {00}, then for any f* € H satisfying

= argjr?in{E(D) +g(lIfl)}

feH

f* admits a representation of the form:
F() =D aik(x)
i=1

where a; € R.
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Functional analysis

e Example
1. Given D = {(xj, yi)}i-1. solve

min fZ(f(x, Y+ AlF N5 (1)

fE'Hk
2. From the representer theorem, solving (1) becomes:

2
2
a”;asnzZ(Za, xi,%) ) + I e (2)

i=1 j=1
3. Represent (2) with a matrix form:
1 2 T
arrélﬂgniHKxxaf Y2+ ya' Kxxo. (3)

4. Va(?)) = KXX(KXXOZ — Y) +vKxxa =10
5. Finally, o = (Kxx +7/)"'Y where f(x) = 37, ai(x, xi).
e Note that the form of this solution is identical to the mean function
of Gaussian process regression.
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Questions?



Text book

Carl Edward Rasmussen and Christopher K. |. Williams
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