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o A random vector x = [X; ... X,] is said to be multivariate Gaussian if every
linear combination of the components of X is a Gaussian random variable.

— That is, for any a;, ) , a; X; is a Gaussian random variable.

— We also say Xi,..., X, are jointly Gaussian.

¢ Multivariate Gaussian density function:

ik, 1 _ 1 Tl
f(X) B (27_‘_)7,‘/2‘2’1/2 exp <_§(x_:u) ) (X_/L)> (1)
x ~ N (u, ), where y is the mean vector and ¥ is the covariance matrix.

[ E(X1) ]
p=Ex)=| % = cov(x) =B ((x - p)(x - )" )
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Conditional Density of Multivariate Gaussian
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Theorem: If x € R" and y € R™ are jointly Gaussian with n = r 4+ m, mean vector
[E(x)" E(y)"]", and covariance matrix

)3 Y
Y e Ty ] ‘
[ Yye Dyy |

then the conditional probability density function p(x|y) is also a Gaussian random
vector with mean E(x|y) and covariance matrix Y,, where

Exly) = E(X)+ 2Ty (v —E(y))
2:1:|'y = Eww = ZWZEZW

Proof:

B 7)(X1Y)
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Proof Continued

J
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Tz_l[x—IE(x) )

y —E(y)

-3y ~E)" 55 by - E))

1 1
2m)"2 (5|72 exp ( 3

p(xly) =
(

1
: T 5 €X
(2”)7”‘/2|Lyy|1/2 p

1 1 ‘
" e (24) i

where
A= e | = 3 | b S B

We now need to compute two terms:
o |[X[/[yy| = det(X)/det(Xyy)
o A
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Proof Continued (Determinant)
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We can easily verify that

I _271/2171/1 Za::z: E:1:y [ 0 - Em;r = E:I:yE;yl Zy;zr ()
by —%

0 .[ Z'U‘T‘ UU ;Ul Zy;l: [ O Zyy
N
Hence,
det(S) = det(Tep — Doy Sy Ty )det(Zyy) (1)
det(X) -1
T = e~ Doty T )
So we have
o{xly) 1 - (—1A> 3)
(2m)72 (|Z|/|Zyy)) /2 !

1 1
_ = eXp —_—A) ; (4)
20 (@t~ By B ) -
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Proof Continued (A)
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If XYZ =W and matrices are invertible,
‘ : . — M [ o
o By inverting both sides, we get Z7'Y ' X =W,
e Hence, Y ' =ZW™1X.

Since we have (where Syy = Xyg — Xgy Xy Lye)

[ -—Zryzf;,/l Erm Ery I 0 - Syy 0
0 I Eyﬂ‘» Zyy _Z;;ylzyﬂ‘ I 0 Zy?l ’

)X

-1 _ I 0[S, 0 [ -%4%,,
~Yy Ty I 0 %, ||0 [ |

vy

Now let x" =x — E(x) and y' =y — E(y). Then

LR L

[ / /
X -1] X Tew-1_T
A = - y/ )y y/ _y/ Eyyy/
A R e 5 sl N
I I B ) Y 0 %, |]0 I y

Songhwai Oh (ECE, SNU) CPSLAB (http://cpslab.snu.ac.kr)

(1)



Proof Continued (A)
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T N N /
A = X: |: _11 0 ] |: byyl ql ] [ I —Zmyzyyl x’
y -Eyy Ey:‘n -[ 0 Eyy 0 I y
Erz/zmy ' ‘Syyl 0 2NIEWy Asy=1 4T
= : . -y 5
y 0 Zwl y' Y SyyY
/ -1_1 ~v—1 -1_1
- (x szwy) St ( -X, Zwy)

= (x= (B + %Ny (= EW)) S3y' (x = (B) + 525y (v - E(y)

Where Sy-y — Zil‘.[' Zl uzuu 2
Hence,

_ 1 Ry Iy
o) = e - (e B S (e By 1)
ie., x|y ~ N(E(x|y), Zg|y), where

E(xly) = E(x )+2Iy2w (y - E(y)) (2)
Zﬂy = Dig — Dyl EyT (3)

Yy
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